RN FBHFLL*XE USTC

2 § gm&%ﬁgsﬁ;@%%ﬁﬁﬁéiﬁ+%§

Laborato f Intellizent Decision Games and Digital Economic Advancements

Extended Arc-Time-Indexed Formulation and

Exact Approach for Flow Shop Scheduling

(&) BEA: B %

H HB: 2025F2H17H



I A= B3
2. SCHR B o5t
CONTENTS 3. [ AR Y
4. Bkt

5. ARt R




\ =i N N Y 4 & *Q ‘ &lﬁk‘ USTC
2k [E1 il 358t HELE R “"*’é,ﬁ

BRSNS e
» Position-based formulation: —FP L B M BT, Bk A 8RR TH2 B EREMLUEF T I DU EXS
BN S TR] R AR 5 SR Y BE 8 L A VLAY o M HERR ) H AR A .

> PRIRAT R :

 SEATHLMEE: x,, . binary, THF J, AR TENG M, OG0T [
% & FATHR L FAP, || ) £(C), BARE T

A LA, A8k SR T R

N \ N . > TN A —
» FKZEBPEHRE : x;, , binary, TAF J; B S5 BCR AL E. [] #EATNL.
Parallel Machine Scheduling Gantt Chart
1 6 100 1 . Jobl
I Job2
2 4 100 1 Job3
Machinez2 Job5 Job7 Job8 = Joba
3 3 100 1 — 1022
4 6 100 1 ok
5 5 100 1
6 6 100 1
Machinel - Job3
7 4 100 1
8 8 100 1
0 5 10 15 20

Extended ATIF and Exact Approach for Flow Shop Scheduling Page 3 Total 38 TAFEANLCIR



. P » ENERBEEEKXE USTC
RGINEIT St MBS Slaeiin B0

lligent Decision Game

1.1 NESE R B RRR AR AR B
» Arc-Time-Indexed Formulation: —F A KR EMATEA T, HHMERE G = (V,A) RFERPETR, THRE
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» BRI {7 job sequence Ay: jobl -> job 2 -> job 3 -> job4 -> job 5
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» Exact Algorithm over an Arc-Time-Indexed Formulation for Parallel Machine Scheduling Problems (Mathematical

Programming Computation, Artur Pessoa et al., 2010)
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» An Improved Branch-Cut-and-Price Algorithm for Parallel Machine Scheduling Problems (JOC, Daniel Oliveira &
Artur Pessoa, 2020)

56 E (MPC 2010) FURF ST B ABRIR U, EZoTmR iR I 7 —REFm, SRAKCE P3RS 1 97%.

T-p; o ono . 5 5 .
IM]mlee S S, (1a) Definition 1: Overload Elimination Cuts
i€fo jeJ\{i} t=pi
| T-1
Subject to > x) Xoj = M, (1b) q q_ 9
: I q-Z*sv ' 220 qméf—lf o The OEC is valid for ATIF
| T—p; , ' T—p(S)+m(ts—1)+1} .
| Z 2 xij = 1/ V] € ]1 (1C) r= p(S) - (m - 1)(t5 - 1)
| i€o\{j} t=p:
I t
| Z x;i - Z x1]+p = 0
| jeoN), " jeo\, e e
| t=p;20 trpitp<T , Table 5. Full Results—Summary
! Vie[;t=0,...,T—p;, (1d) |
I Z x]?O — Z xt+1 =0, I BCP-PMWT BCP-PMWT-OTI
I . I
j€lo, j€lo,
: t=p;20 tp+1<T : n m Number solved Average time (s) Number solved Average time (s)
I t=0,...,T—-1, (19) | 4
40 50 357.9 50 2.8
| t + : . . . |
I X; € Z, Vi€l Vjelo\{i}; | 50 50 5,734.9 50 142.0
l t=pi...,T—p;, (16 1 100 2 18 22,523.8 24 852.2
: Xy €Z%, t=0,...,T—1. (1g) : 100 4 16 37,667.7 22 7,396.2
I I
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» A Flow-Based Formulation for Parallel Machine Scheduling Using Decision Diagrams (JOC, Daniel Kowalczyk et
al., 2024)

» i H —JCERK A (Binary Decision Diagram, BDD), XJ{HBERIIS BIZEATRIZr . HERR 7 AT AE S 2R AAUHI 7Y
AR, TR R 48 1 9 2% Pl R LA 5
> SRR AR 7528 5 (MPC 2010) MR, SRAFSEIE FET Dantzig-Wolfe BAGRERY. (i fl B&P K.
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» A Two-Machine Flow Shop Sequencing Problem with limited waiting time constraints (CIE, Yang & Chern,
1995)
» The first paper to consider limited waiting time constraints, proving its NP-hard nature.

» Presenting theoretical results to eliminate nodes in the enumeration tree, enhancing the algorithm’s

efficiency.
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Fig. S. The enumeration tree.

Abstract

We consider a two-machine flowshop sequencing problem with limited waiting time
constraints. This means that for each job the waiting time between two machines cannot
be greater than a given upper bound. The objective is to minimize the makespan. There
are efficient algorithms for the special cases of infinite waiting time and zero waiting
time. The two-machine flowshop sequencing problem with limited waiting time
constraints is shown to be NP-hard. A branch-and-bound algorithm is proposed, and
computational experiments are provided.
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» Minimizing Makespan in a Two-Machine Flow Shop with a Limited Waiting Time Constraint and Sequence-
Dependent Setup Times (COR, Kim & Choi, 2016)

» This paper tackles a two-machine flow shop scheduling problem with limited waiting time constraints

and sequence-dependent setup times.

» It develops a branch-and-bound algorithm, along with dominance properties and lower bounds, to
efficiently solve this NP-hard problem. (up to 30 jobs)

3~ -~~~ """ """ "~ ~- " - - - - - - oo 1 i

I a ; Table 6

[ ’ 5 3 I Results of the test of the B&B algorithm on set 2 instances.

| |

| | b C d e
n ACPUT® MCPUT NINS CPUT, NINS

: : o 2 | o @ 3 | CPLEX CPLEX

= |

| Without limited waiting time constraints | 10 0.01 0.01 0 7.28 0

! b ! 15 0.75 0.17 0 > 3600 20

: % : 20 10.30 8.30 0 =>3600 20
25 656.32 49.58 1 > 3600 20

| N | =

I 1 &\\ . 3 I 30 1432.06 202.17 3 > 3600 20

| |

| N |

1 1 2 \ 3
! = = NN | Overall 419.89 52.07 4 - 80
| With limited waiting time constraints |
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» Three-Machine Flow Shop Scheduling with Overlapping Waiting Time Constraints (COR, 2019)

» The first paper to addresses a three-machine flow shop scheduling problem with overlapping waiting

time constraints, aiming to minimize makespan.

» It develops a branch-and-bound algorithm with dominance properties and lower bounds to find optimal

solutions efficiently. (up to 50 jobs)

____________________________ F— e e e e ———— e ———— -
: Wiz + Piz2 | Table 5: Performance of the B&B algorithm with w;; in {0, 1,.. ., 100} and wy in {w;,wi + 1,..., 200}
1
r \ |
| Wiq | . B&B algorithm CPLEX
|  Em—— Average CPU time (s) | No. of instances not solved | Average CPU time (s) | No. of instances not solved
| ! 10 0.11 0 0.09 0
| M1 M2 M3 [ 20 0.20 0 033 0
| | 30 0.74 0 091 0
(a) Machine configuration [ 40 3.24 0 7.03 0

| | 50 7.43 0 48.16 0
| Overall results 2.34 0 11.30 0
| W2z + P22 I

S T > |
[ W
| - _l; I Table 6: Performance of the B&B algorithm with w;; in {0, 1,..., 50} and wy, in {w;;, wir'+11,..., 100}

: |
: M1 1 | 2 3 I . __ B&B algorithm . CPLEX

| Average CPU time (s) | No. of instances not solved | Average CPU time'(s) | No. of instances not solved
V) 10 0.10 0 0.07 0
| I 1 I 2 : 20 0.24 0 1.01 0
| 30 0.67 0 255.39 1
! M3 I [ 3 | [ 40 2.82 0 664.77 3
. . . . . | 50 368.24 2 125145 6
! (b) Schedule with overlapping waiting time eonstraints | Overall results 74.41 2 434,54 10
I L
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) 32 MEEEX
» LU REE A UL SR AR PIHL & T /K ZE 1) BE 1) Y — Pl s & Uk
i BEFREIZHLE . TEEINEABQ-time. setup timesfH i &

» VEFH = FH T8 B 5805 B i E AR T

Algorithm 1 Johnson’s Algorithm for Two-Machine Flow Shop Scheduling S al 1 B e 2R = % k2 2 = :
Input: Processing times p;; for each job j on machine i (i = 1, 2) %— jfé oL 7J( $ rJ 1}1] };\ ,’] ﬁLFZ | | Cmax ’ E] #T = —ﬂi ke k oL Hj’
Output: Optimal job sequence S ]I:J] , #E] f( f;&zﬁiﬁn 'F ;ﬁﬁ)ﬁ’ﬁ? :
Initialize an empty schedule list S
Initialize two lists: L for jobs with p1; < p2j, and Ly for jobs with p1; > p2; J, Jl Jz J3 J4 J5
Initialize an empty list S; for jobs to be scheduled first, and an empty list
S, for jobs to be scheduled last Pil 18 10 17 12 16
for each job j do ;
if py; < po, then i2 14 19 15 14 16
Add job j to L,
else Machine 1
10: Add job j to Ly
11: end if
12: end for
13: Sort Ly in non-decreasing order of p;;
14: Sort L in non-increasing order of pa;
15: for each job j in L; do - -
16: Add job j to S; Machine 2
17: end for
18: for each job j in L, do
19: Add job j to S, Machine 2 1 Job 2 Job 4 Job 5 Job 3 Job 1
20: end for
21: Concatenate S; and S; to form the final schedule § = S, U S,
22: return S o 20 20 60 20

L Y

RIS

Machine 1 Job 2 Job 4 Job 5 Job 3 Job 1
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) 32 MEEEX

» MBEREREN: G =(V,A), EfF V=RUO,A=AUA,UA;UA,
- R={(,n:jeSt=5+p}
e O0={0,):r=0,..,T}
« A; = {((0,0),(j,n) : (0,0) € O,(j, 1) €ER}
« A ={0,0,(,t+p): (G, 1) €ER,(j,t+p) € R}
« Ay ={((,0), (Gt + 1) : (j,H) € V. (j,t+ 1) € V}
« Ay ={((J,D,0,7)) : (j,1) €R,(0,T) € O}
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b SRAREES R Gk

> ATTFAETIR SRR 45 R -

0 _ .10 _ .22 _ .38 _ .55 _ .73 _ Machine14  Job2 Job 4 Job 5 Job 3 Job 1
P Xop = Xpa = Xy5 = X533 = X371 =X = 1

10 _ .29 _ .43 _ .59 _ 74 _ 88 _
>360,2—962,4—764,5—365,3—353,1—xl,o—1

> A AE R AR A5 R -

» optimal sequence: 2 ->4 ->5->3 ->1]

» optimal makespan: 88
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(PBF) min C,,, Theorem 1
s.t. 2 x, =1 r=1,..n The Position-Based Formulation (PBF) is dominated by the Arc-
Time-Indexed Formulation (ATIF) for flow shop scheduling.
inr =1, i=1,..n
Proof:
.| ATTF is at least as good as PBF.
T+ Zplkxlr < i1y r=1,.n—1k=1,..m . .
n
i=1 >
n a= Z Cata Cmax 2 T[n]m + Zpimxin
T[l"]k + Zplkxlr S T[i"]k+1’ r= 1""7”7 k = 17"-7m - 1 aeAj i=1
i=1
XipF Xy — 1 < vy Vi#jr=12,..n-1 Lir
Yiir < Xjj Vi#j,r=12,..n—-1 Yijr
< Xy, Vi#jr=12..n-1
Yij j(r+1) ) J T
C...>T.. + ¥, .
max = nlm Z Pin%in (4 ATIF can be strictly better than PBF.

i=1

Xir,yijr € {0,1} VI’ = 1,...,”, Vl ;éj >
T2 0 Vr=1,..n,Vk=1,....m C ) — C )
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b A+ 2R B
» RN T . B AFAIHEAY (stronger formulation, even ideal formulation) TR AP A LU H-Ath B 4 A2 LA 5t
B AMIPiFormulation F, I Fy FEHURHAR , L conv(F)) € conv(Fy), IFK F, stronger than F,

» e (IS5, B case by case)
> intuitive () SELEE . FREIBEEAEE S & MiEH convex hull < BRIEARRY HY A MERA G 7555 TiX 4~ convex hull
» general B : F = {(x,z) e R*"xXR*: Ax + Cz < b}, Proj (F) = conv(S)

Example 4 max  3x; + 4x, M xF = 0.5, xF =05,z =3.5
s.t. 2x1+3x2§3 %ﬁkﬁ@ x]* :O, _x;k = 1, Z* =4
A'%}%&U—Fjbbl“;]% j gﬁj]:a %i#@ﬁﬂ%——‘ _;B‘\:./flli Xi. X E{Ol} }L‘ - .
D/\ﬁl 75 (2 3) \ﬁl]jb (3, 4) ;}’\Flb’g‘i/ﬁl\/fﬁﬂirﬁj é’]#ﬁ]‘ﬁj 1222 ’ C%ﬂk?\l‘/r?ij@ S — {(O’O)a (091)’ (1,0)}>
®FFH Xo
(ideal formulation) max 3x; + 4x,

s.t. xl +X2 S 1 ConV(S) = {'xl +-x2 S 17
0<x,x <1 x < Lx, <1}

[1] Li, Y. (2025). Strong Formulations and Algorithms for Regularized A-optimal Design. arXiv preprint arXiv:2505.14957.
[2] Aghaei, S., Goémez, A., & Vayanos, P. (2025). Strong optimal classification trees. Operations Research, 73(4), 2223-2241.
[3] Deza, A., Gémez, A., & Atamtiirk, A. (2024). Fair and accurate regression: Strong formulations and algorithms. arXiv preprint arXiv:2412.17116.
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> W4 R I S e A
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TR
» SRARIENS : Danzig-Wolfe SHIfIE TR M A AHM K IRAIS — B A A S AL IR REFR A M I LSR5 T

i

min o 1 - 7 me | RTEAR: Toes-op¥a — Zaesqwp¥a =0

! B, B, B, ... B T b w2 Boun .
ot Zx6j=m’ f=0. T—-p, : 0 Aj 2 K J;(l) b(l) z:"* makespan#y ¥ : @ > Fes, Ca¥e
jel - : Ax = A, x.2 =1|b, — o
& =m, vies | : : :
ieJoZ\?j}t;m : : Ag| LK1 | b o
Y ox- Y ai=0 Viedt=0,..T-p
jehMiy jedh\i | ONONONONONOROSONONO .1 ®6O0 06066 0606
Y oxi- Y =0 vie 1=0..T-1 | @O0 OO0 Q.00 FFOOOOO®OO® O
jelNiy  jedoi BONORONO, 8})/@{' ONONONONMONONONGO) ONONONO)
ez Y e TS O M ONONONOSONONONONONONONONONONGO ONONO
T (OO0 0000000000000 O]
i,j)le | ni ar ~—~__ ~~__
xt: € {0,1}, =D ARSI I S R ONONONONONONONONONONONONONONONONONOMOL 08
I L ] ] ] 1 ] ] ] ] ] 1 ] ] ] ] 1 1 ] ] ]
| 0 5 10 15
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| 4.2 #EIEHS5Dantzig-Wolfe H i
» Danzig-Wolfe /)34y AR
» Minkowski &7~ : MM FIBR AT, P = {x|Ax = b,x > 0}, TTFTAEA] LLFE IR JA% 5 00 7 40 A R S 2R
FELAHE
> FIAE ROR A T R AT U R A 22 TR AR SRR S RME LLGT R, BRI SR A AR AR 6 97 A ook R4 T 3K A

X = Z ﬂjx(j)
J

" @) s @

. . LR £MRMP TR AR
x =Y 2x0 4 Y pr® 1AM ¥ (RMP) #3Him u MY LT
1 j i
QA= HomPE
j RMP
420
2 pi =0
T =

T =y T
s 10 15
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The extreme points of polyhedron [P represents schedules that satisfy capacity constraints but not necessarily assignment
constraints. Theses schedules allow jobs to be started multiple times, once, or not at all, and are termed pseudo-schedule

where 4, indicate whether pseudo-schedule p is included in the solution.

Example: n = 3
Ay Jjobl = job2 — job3 — job2
Ay job3 — job2
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| 4.2 ERIEH 5 Dantzig-Wolfe ) fi
» Danzig-Wolfe /)34y AR
» Minkowski #7R: #REMIMRIR AT ITHL P = {x|Ax = b, x > 0}, W47 R LLER AR S B AR L3R Ml &
» AHFGE IS ZT] p 4 X pseudo schedule = partial schedule + repeated schedule
» BERHEBES (g € (0.1} : (L)) € A} R aiR (i, ) 7EHAE p H 3
> FIAE NEER MR T AT R 2 TR BIAR S FIARS RME LLGT R, R SR AR P AR AR AR P 1) AR ok 34 T SR A

(ATIF) min & » IR 4, FOREEAE p RETEMT I

|
N T | !
s.t. Zx’.—m t=0,..T-p |
| 0j ' i J o 2 tp N
. xl = PAL(,]) EA
| jeJ :*%/ﬁ\é/‘];'—{ : ij qu D ( .])
| T—p; A | PEP
| Z Zx,;:m,. vjielJ |
| ie\Mi e=p; | : (DWM) min «a
_____________ |
EDYETEE WA Vielt=0,...T-p | st. DL D, g A, =m,  1=0..T-p,
| J€doMi) jeI\i} : Ity : peP (0,))'€A
I - +l ] =0.....1T-— | Ip — :
I.Z.xﬂ 'Z‘xlj 0 i Viel,t=0,.T-1 ! Yoy q) 3, =m, VieJ
&M e | peP (i,j)'€A
. xL I
a> Z CijX;; VpeP | a > Z( Z cl-qu’) Ay
t (i.j)'ep . . . [ peP (i.))ep
xt € (0,1}, Vi € Jy,Vj € J)\i},t =0,..T—1 | 2, >0, Vp e P
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| 4.2 ERE 5 Dantzig-Wolfe /) g

» Danzig-Wolfe /)34y AR
» Minkowski £7~: FREMERMRIPI T P = {x|Ax = b,x > 0}, WF7#R] LN AR S B LA PR S 2R JE M A&

» AR IS RS p 8IS X pseudo schedule = partial schedule + repeated schedule
» BERHEBES (g € (0.1} : (L)) € A} R aiR (i, ) 7EHAE p H 3
> G AR B SR R T AT AT R R B 2 T AR AR S TR R ME DL R, M AR SR A Fp A AR A P 2 AR ok 351 7 3K A

(DWM) min « dual
s.t.Z( Z q(’);’)/lpzm, t =0,.,T—p

pEP (0,))'€A o
. s t
Y gna,=m, vielJ P min G =a — Y fiym
PEP (i,j) €A I=1
p s.t. block constraint
a2z Z( Z Cijd;; ) Ap
peP (i,j)'ep

Ap 20, Vp P column
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Algorithm 1 DW Decomposition and Branch-and-Price

1: Input: Flow shop scheduling problem instance
2: Output: Optimal schedule
3: Initialize the arc-time-indexed formulation (ATIF) for the problem
4: Reformulate ATIF using Dantzig-Wolfe decomposition to obtain the master
problem (DWM) and pricing subproblem (SP)
5: Initialize the restricted master problem (RDWM) with a subset of columns
6: Solve the linear relaxation of the RMP to obtain an initial dual solution
7: Branch-and-Price:
8: Initialize the search tree with the root node
9: while the search tree is not empty do
10: Select a node from the search tree

11: if the node is infeasible then

12: Prune the node and continue

13: end if

14: Initialize the RMP for the current node with a subset of columns

15: Column Generation:

16: repeat

17: Solve the pricing subproblem (SP) to find new columns with
negative reduced costs

18: if new columns are found then

19: Add the new columns to the RDWM for the current node

20: Update the dual solution for the current node

21: else

22: Terminate column generation for the current node

23: end if

24: until no new columns are found or the solution is integer

25: if the solution for the current node is integer then

26: Update the best integer solution

27: Prune the node

28: else

29: Choose a branching variable A, and create two child nodes

30: Add the child nodes to the search tree

31: end if

32: end while
33: return the optimal schedule

Extended ATIF and Exact Approach for Flow Shop Scheduling Page29  Total 38 TAFEANLCIR



8i&

N El] 8] AR B

| 44 3 x8%: EFATPBFIIB&B

» PR B R AT R —A partial schedule, 4%

» TR N
» JR RS : M IREEIL ook, Ly R CHE DA%

HRRAKF R RPN, || Chy, BARZEAEARKT TN
), 48X 5 E e T AR

Ji i J J3 Jy Js
Pi 18 10 17 12 16
piz 14 19 15 14 16
Machine 1
Machine 1 Job 2 Job 4 Job 5 Job 3 Job 1
Machine 2
Machine 2 Job 2 Job 4 Job 5 Job 3 Job1
0 20 40 60 80

B#3LL%XE USTC

BERRIEA SHF USSR RREEATINE

tory of Intelligent Decision Games and Digital Economic 3 me

=it HEER

THEGVIERY RS

AR A 2R R DMK GBI B PR, AT R

A) Ah
HHhe

TRBUNAT R, A AR BRI S
step 1: J5 X 4146 M AL E1E N R

Oy = J& - Jé — Jé — Jﬁ — JS, ZQ)==!90

step 2: 381 43 37 8 S ) 7 AW A4 1 partial schedule o

X, X, X,X,X)
LB =0,UB=9

Up X, X, X, X)
LB =90, UB =90

Us X, X, X, X)
90, LB =94, UB = 90

94, U,

(€259 /o o A 3
LB =88, UB = 90
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» Yk 2 e Ey:  (Campbell-Dudek—Smith Algorithm fj JE4H)
b 45 m AHLAK Flowshop S84 m — | AMSSFIRLIIE, AHEAFHELR A Johnson BABIBSE TSI, TG
makespan Jg /v 1 4 5 26 0 P 91«

Algorithm 1: Improved Johnson’s Algorithm (CDS Method) Example 4
Input: n jobs, m machines; processing times p;  for job 7 on machine k
Output: A job sequence 2k K A AR AE,||C ., B AR SRR RS L
BestSequence < &, BestCpax < +00; § 2 2 % — .
fork=1tom—1do 7], AR KA T AR
for each job i do J; Ji J, J; Jy Js
k .
]Iz;i < %gfl Pi,t; P 18 10 17 12 16
end Pin 14 19 15 14 16
7(k) « JohnsonSort(P1, P2); Pi3 11 5 19 12 4
Compute k), for 7®) on the real m-machine system;
if Cr(rf:a?x < BeStCmax then . v s . . PN
Dot - O B TG AL AT AL G T, R AR,
BestSequence « w*); CEE s
dend G AL A2 A ERAL G T o, EHYHREE, 5
en
return BestSequence; 3| &AL 7 712

G o ths, BmTrERENRITFE, EhREHER
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> B INEH: :
» HATF m LA K ZE Rf/ME makespan R BLR LTS Fedl) iz /R 2 XA
> B AR TAF RN T B B30 TAFBEATRE P HET . AR5 R T WA i R, 7 tU\Tﬂtﬂ]\a&ﬁIﬁ:ﬁ e
REMEANNLE, EFERE A /)N makespan H4EAGLE., AT & 2443 & BT i AT {7 M BE 7

Algorithm 1: Improved NEH Algorithm for m-Machine Flowshop Exam p|e 4
Input: n jobs, m machines; processing times p;
Output: A job sequence S

o cuh b d % & A AE AR A, || Gy, B ARSI HCE R KL L
n — E;c":lpi,k ~ s )
end 8], A8 % 5 Hde T R
Sort jobs in non-increasing order of 7; to obtain sequence m = (71,12, ...,1,);
S « (i1); J; Ji J S Jy Js
for j =2 to n do Pit 18 10 17 12 16
best_Cmax + +o0;
for pos =1 to |S|+1 do Pi> 14 19 15 14 16
S” « Insert ¢; into position pos of S;
Cmazx < ComputeMakespanWithConstraints(S’, p); Pi3 11 5 19 12 4
if Cmaz < best_.Cmaz then
best_-Cmax + Cmaxz;
best_sequence + S’;
end
S < best_sequence; %Z' IKKEZ'%EIFEC' J3 - ‘]1 - ]4 - ]5 - J2
end D BTN “ .
return S; # ’f@mﬁﬂ%ﬁ% J3 —>]1 Or.]l - J3

Jy—=> Sy = Lot = Jy, > Jyot), = J = U,
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»

Algorithm 1: Greedy Algorithm BERMNNITTELAX:
Input: n jobs, m machines; processing times p; e EARAR: Cost(u — v) = (u,v) — (1)
Output: A job sequence S max Cinax
S« (), U+« {1,2,...,n} CRMAR: Cost(u — v) = Zmax(O, Pox = Pus)
Z — drg max;ecy Zk 1 pz ks k=1
S« (%), U« U\{i"} o4 5 fa -
while U # 0 do AR
best «— 400, j* « null; e BAnTutE: T, =43,T,=34,T,=51,T, =38, Ts =36, HtHJ,
foreach j € U do s o
A < IncrementalCostApprox(S, j,p); TR E RN

if A < best then

| best « A, j* « j; « A(J; = J)) = max(18 — 17,0) + max(14 — 15,0) + max(11 —19,0) =1

end « A(J; = J,) = max(10 — 17,0) + max(19 — 15,0) + max(5 — 19,0) =
end
S—Saj*, U«U\{j"}; « A(J; = J,) = max(12 — 17,0) + max(14 — 15,0) + max(12 — 19,0) =
f:ﬁlm S: « A(J; = J5) = max(16 — 17,0) + max(16 — 15,0) + max(4 — 19,0) = 1
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Table 4 Results of the test on the effectiveness of the heuristics

MJ! MG? MN?3 ARCPUT*

(n,m) Avg gap® (%) Avgtime (s) NBS® Avggap (%) Avgtime(s) NBS Avggap (%) Avgtime(s) NBS Tumc/Tvms Tun/Twm
(10,3) 0.15 0.01 3 0.02 0.00 16 0.10 0.00 1 0.00 0.00
(10,5) 0.55 0.98 4 0.83 1.39 12 0.48 0.80 4 1.42 0.82
(20,3) 4.73 1.47 1 2.95 0.95 10 3.43 1.12 9 0.64 0.76
(20,5) 10.21 14.33 0 2.67 3.00 12 4.55 3.42 8 0.21 0.32
(30,3) 17.14 4.41 0 241 1.91 13 4.12 3.44 7 0.43 0.78
(30,5) 13.59 10.05 0 3.01 6.94 12 4.01 4.09 8 0.69 0.41
(40,3) 19.88 6.09 0 2.09 4.38 10 2.62 6.58 10 0.72 1.08
(40,5) 17.35 32.14 0 2.98 10.45 11 4.10 14.76 9 0.33 0.46
(50,3) 19.02 21.65 0 2.65 7.87 7 2.44 10.12 13 0.36 0.47
(50,5) 17.30 52.00 0 3.41 16.39 9 2.01 33.79 11 0.32 0.65
Overall 11.99 - 8 2.30 - 112 2.79 - 80 - -

Note: There are 20 instances for each group size. Since the Johnson’s algorithm can find the optimal solution for the flow-shop scheduling problem with 2
machines, this table only includes instances with 3 and 5 machines.

IModified Johnson’s algorithm.
2Modified Greedy algorithm.
3Modified NEH algorithm.

4 Average ratio of CPU times.

5Since the optimal solutions of the synthesized instances are unknown, the gap here is calculated by taking the best solution among the three heuristic algorithms
as the benchmark, and then measuring the gap of other heuristic solutions relative to this solution, i.e., gap = (Tavsg —min{Tn s, Tnvre, Tvmn }) /Tar g, where
the notation 7" denotes the completion time obtained by the current algorithm. The calculation method for the other two is the same.

SNumber of instances (out of 20 instances) for which the algorithm found the best solution among the three heuristic algorithms.
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Table 5 Results of the test on model strength between Arc-Time-Indexed Formulation (ATIF) and Position-Based Formulation (PBF)

PBF-G! ATIF-G?

(n,m) Avg gap? Avg time? Max time Avg gap Avg time Max time
(10,2) 0.00 0.00 0.00 0.00 0.01 0.03
(10,3) 0.00 0.07 0.13 0.00 0.06 0.13
(10,5) 0.00 23.31 34.11 0.00 3.17 4.12
(13,2) 0.00 4.72 6.29 0.00 0.01 0.03
(13,3) 0.00 9.45 13.33 0.00 4.42 6.13
(13,5) 0.00 179.87 298.54 0.00 19.68 24.39
(15,2) 0.00 5.39 6.21 0.00 1.17 1.89
(15,3) 0.00 19.77 23.02 0.00 6.82 10.30
(15,5 0.00 787.10 1311.00 0.00 122.09 168.09
(18,2) 0.00 7.22 10.09 0.00 2.57 4.33
(18,3) 0.00 69.86 97.85 0.00 27.65 35.58
(18,5) 4.98 >3600 >3600 0.00 675.32 987.89
(20,2) 0.00 11.39 14.21 0.00 4.41 6.55
(20,3) 0.00 197.03 231.49 0.00 89.43 126.93
(20,5) 12.07 >3600 >3600 0.00 1198.79 1655.71

Note: There are 20 instances for each group size.
1Solve the PBF model directly by using the Gurobi solver.
2Solve the ATIF model directly by using the Gurobi solver.

3Since every instance can be solved to optimality by directly invoking the solver on the ATIF formulation, the optimality gap of the PBF model
returned by the solver is computed as gap = (T" — Topt )/T, where the notation T denotes the completion time obtained by the current algorithm.

4Average CPU time (or its lower bound), obtained by assigning a value of 3600s to any instance not solved to optimality within that limit.
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PBF-BB! ATIF-BP?
(n,m) Avg gap® (%) Avg time* (s) Max time (s) Unsolved® Avg gap (%) Avg time (s) Max time (s) Unsolved
(10,2) 0.00 0.00 0.00 0 0.00 0.00 0.00 0
(10,3) 0.00 0.02 0.03 0 0.00 0.00 0.01 0
(10,5) 0.00 3.19 5.00 0 0.00 0.67 0.77 0
(15,2) 0.00 0.94 1.13 0 0.00 0.01 0.02 0
(15,3) 0.00 1.57 1.99 0 0.00 0.01 0.02 0
(15,5 0.00 17.20 19.24 0 0.00 1.32 1.57 0
(20,2) 0.00 1.38 1.67 0 0.00 0.11 0.16 0
(20,3) 0.00 7.80 10.02 0 0.00 1.16 1.57 0
(20,5) 0.00 98.10 134.99 0 0.00 2.78 3.02 0
(25,2) 0.00 8.22 11.21 0 0.00 0.65 0.98 0
(25,3) 0.00 39.92 48.67 0 0.00 9.25 10.04 0
(25,5) 0.00 249.88 288.75 0 0.00 15.21 17.92 0
(30,2) 0.00 16.90 18.90 0 0.00 1.99 3.02 0
(30,3) 0.00 127.03 155.09 0 0.00 10.12 13.34 0
(30,5) 1.19 1906.58 2328.96 2 0.00 24.33 30.53 0
(35,2) 0.00 21.30 23.49 0 0.00 4.88 5.01 0
(35,3) 0.00 472.03 500.00 0 0.00 37.09 43.01 0
(35,5) 9.89 =>3600 > 3600 9 0.00 68.35 81.09 0
(40,2) 0.00 43.21 49.11 0 0.00 11.12 15.58 0
(40,3) 8.91 2662.76 > 3600 6 0.00 96.32 133.65 0
(40,5) 15.34 >3600 > 3600 11 0.00 128.09 142.20 0
(45,2) 0.00 139.56 176.89 0 0.00 16.59 21.54 0
(45,3) 23.75 > 3600 > 3600 17 0.00 232.55 265.22 0
(45,5) 26.65 >3600 > 3600 18 0.00 657.76 743.09 0
(50,2) 0.00 651.31 883.65 0 0.00 26.11 31.00 0
(50,3) 39.98 > 3600 > 3600 20 0.00 1112.92 1410.83 0
(50,5) 40.05 >3600 > 3600 20 13.22 > 3600 > 3600 9

Note: There are 20 instances for each group size.
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PBF-BB! ATIF-BP?
(n,m) PDS? Avg gap? Avg time® CVGS CVT7 Avg gap Avg time CVG CVT
(10,3) UNI 0.00 0.03 0.00 0.11 0.00 0.00 0.00 0.01
(10,3) MIX 0.00 0.02 0.00 0.12 0.00 0.09 0.00 0.02
(10,3) FIX 0.00 0.03 0.00 0.09 0.00 0.06 0.00 0.01
(10,5) UNI 0.00 3.77 0.00 0.12 0.00 0.62 0.00 0.07
(10,5) MIX 0.00 3.98 0.00 0.12 0.00 1.45 0.00 0.08
(10,5) FIX 0.00 4.01 0.00 0.13 0.00 1.89 0.00 0.08
(15,3) UNI 0.00 1.06 0.00 0.63 0.00 0.01 0.00 0.10
(15,3) MIX 0.00 1.65 0.00 0.21 0.00 0.22 0.00 0.19
(15,3) FIX 0.00 1.62 0.00 0.22 0.00 0.81 0.00 0.16
(15,5) UNI 1.00 18.05 0.05 0.10 0.00 1.58 0.00 0.12
(15,5 MIX 3.32 23.74 0.39 0.25 0.00 2.31 0.00 0.10
(15,5 FIX 4.54 26.65 0.27 0.71 0.00 3.02 0.00 0.19
(20,3) UNI 0.00 7.42 0.00 0.15 0.00 1.17 0.00 0.15
(20,3) MIX 0.00 7.88 0.00 0.20 0.00 1.99 0.00 0.13
(20,3) FIX 0.00 8.94 0.00 0.28 0.00 1.85 0.00 0.17
(20,5) UNI 17.44 >30.00 0.61 0.30 0.00 261 0.00 0.18
(20,5) MIX 16.53 >30.00 0.57 0.69 0.00 6.45 0.00 0.20
(20,5) FIX 17.92 >30.00 0.62 0.24 0.00 5.04 0.00 0.18

Note: There are 20 instances for each group size. The upper limit of the solution time is set at 30 seconds.
1Solve the PBF model by branch-and-bound algorithm. Initial solutions are obtained via the modified greedy algorithm.
2Solve the ATIF model by branch-and-price algorithm. Initial solutions are obtained via the Dijkstra’s algorithm in the network graph.

3The processing time distribution pattern. UNI for purely uniform processing times in [5,10]; MIX for a mixed distribution with 90% in U[5,10] and
10% in U[50,60]; FIX for a fixed bottleneck machine where processing times are in U[50,60] and others in U[5,10].

4The gaps of both algorithms are uniformly measured by the relative distance between their upper and lower bounds, i.e., gap = (UB — LB)/UB,
where the notation UB denotes upper bound, and the notation LB denotes lower bound.

5 Average CPU time (or its lower bound), obtained by assigning a value of 3600s to any instance not solved to optimality within that limit.
SCoefficient of Variation of the optimality Gap.

7Coefficient of Variation of the solve Time.

Extended ATIF and Exact Approach for Flow Shop Scheduling Page 37  Total 38 TAFEANLCIR






